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In this paper, we continue the work in [5] and give a new construction of the tame local 
Langlands correspondence for PGSp(4, F), where F is a p-adic field, that is analogous to the 
construction of the local Langlands correspondence for real groups. 

1 Introduction 

In this paper, we give a new construction of the tame local Langlands correspondence for PGSp{4:, F), 
where F is a non- Archimedean local field of characteristic zero, using character theory and ideas 
from the theory of real reductive groups. We assume that the residual characteristic of F is greater 



than 46 (see Remark 9.8). We continue the program initiated in [5], where Adrian gave a new 
realization of the local Langlands correspondence for GL(i, F), £ a prime. 

There has been a significant amount of progress in the local Langlands correspondence in recent 
years. In the recent work of [6], [9], [12], [H], the strategy of constructing a local Langlands 
correspondence is to first attach a character of a torus to a Langlands parameter, and then to 
construct a putative L-packet associated to this character. 

We propose a different strategy to construct a local Langlands correspondence. Langlands 
^SJ parameters and supercuspidal representations will be parameterized not by characters of tori, but 

by characters of covers of tori. Given a Langlands parameter 0, we first use a construction of 
J> Benedict Gross that naturally associates something close to a character % of a cover of an elliptic 

torus. We then attach a Weyl group orbit of conjectural supercuspidal characters to x an d prove 
that this orbit is the L-packet of supercuspidal representations that is associated to (ft in [S] . To do 
this, we rewrite supercuspidal characters in terms of functions on covers of elliptic tori as in Harish- 
Chandra's relative discrete series character formula. We then compare our character formulas to 
those in [9]. 

Let us briefly recall the construction of [9]. To a certain class of Langlands parameters (tame, 
regular, semisimple, elliptic, Langlands parameters, or TRSELP for short) for an unramified con- 
nected reductive group G, DeBacker and Reeder associate a character of a torus T, to which they 
attach a collection of supercuspidal representations on the pure inner forms of G(F), a conjectural 
L-packet. To do this, DeBacker and Reeder extensively use the theory of Bruhat-Tits buildings. 
They are also able to isolate the part of their L-packet corresponding to a particular pure inner 
form, and prove that their correspondence satisfies various natural conditions such as stability. 



1 



In the theory of real groups, an admissible homomorphism Wjg — > L G for a group G(M.) factors 
through the normalizer of a torus in L G. As such, it naturally produce a character \ °f T(M) p , 
where T(M) P is a double cover of some torus T(R). The cover T(M) P is called the p-cover of 
T(M). Suppose G(R) has relative discrete series representations. Harish-Chandra has calculated 
the characters of the relative discrete series representations of G(R). Then the local Langlands 
correspondence for relative discrete series representations of G(M) is given by attaching a Weyl 
group orbit of relative discrete series characters to x> an d this is the motivation for our work over 
p-adic fields. 

Very recently, Benedict Gross has shown that if one considers a Langlands parameter for a 
p-adic group that factors through the normalizer of a torus in L G, then one obtains something 
close to a character of a cover of a torus, as follows. Suppose that G is a connected reductive 
group defined over a p-adic field F. Let 4> : Wp — > L G be a Langlands parameter for G(F), and 
suppose that <fi factors through the normalizer of a torus. To (f), one can associate an F-torus T in 
G. Suppose that T splits over E, and set T = Gal(E/F). By the local Langlands correspondence 
for tori, we will show in section [4] that we can canonically associate to a character x of T(E)r, 
the group of coinvariants of T(E) with respect to T. Invariants and coinvariants are related by the 
norm map 

N : T(E) -»• T(F) 

in the cohomology sequence 

1 -> H^iT^iE)) -> T(E) r ^ T(F) = T(E) V -> H°(T,T(E)) -»• 1, 

where denotes Tate cohomology. 

Suppose #°(r, T(#))) = 0, in which case T(E)r is then a cover of T(F). Let us also assume that 
-E/-F is unramified. We wish to attach a Weyl group orbit of conjectural supercuspidal characters 
to Xi i n analogy to the case of real groups. These characters will be a p-adic analogue of the Harish- 
Chandra relative discrete series character formula. Let A + be a set of positive roots of T(F) in 
G(F). Let p denote half the sum of positive roots. Let r\ be any character of E* whose restriction 
to F* is a generator of F* /Np/p(E*), where Np/p is the norm map from E to F. Define 

A°( 7 ,A+):= \\ (l-a" 1 ^)), for 7 G T(F). 

In the real case, the Weyl denominator of Harish-Chandra's relative discrete series character 
formula is given by A (7, A + )p(j), where 7 G T(R) and 7 is any lift of 7 to T(M.) P (by definition, 
p is naturally a function on T(M) p ). Since p{^) 2 = 2/5(7), pOt) i s canonically a square root of 
2p(7) = 2p(II(7)), where II : T(R)p — >• T(R) is the canonical projection (see ^3]). Our Weyl 
denominator will be a p-adic analogue of A (7, A + )p( ; y), as we now explain. 

If 7 E T{F), note that A (7, A + ) does not take values in C*. Since our character formula 
should take values in C*, we will apply 77 to A (7, A + ). For the p-adic version of p^), we wish to 
define a function on T{E)^ that will act as a "square root of 2/5(7)", i n analogy with the case of 
real groups. Since our character formula should take values in C*, we want to define a function, 
denoted r] p , on T(E)-p, that acts as a "square root of rj o 2/j". More precisely, we want to define a 
function r\ p on T(E)r that is a canonical square root of 77 o 2p o N. Suppose that we have a way of 
defining r/ p in general. 
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We can now define our p-adic analogue of Harish-Chandra's relative discrete series character 
formula. We first set W = N(G(E), T(E)) V /T{F) and W = N(G(E),T(F)) /T(E), where N{A,B) 
denotes the normalizer of B in A. It is not difficult to see that both W and W act on T(E)r- We 
now define 



E 



e(n)n*x(7) 



e x(7)= <,,A+) ^ A+)W yenn m 

where n*x{l) := x( n_1 7 n ) an d where 7 is any element of T(E)-p such that N(fy) = 7. Here, 
e(n) G {±1}, and e(x, A + ) is some fixed constant, depending on \ and A + . Note that we have 
assumed that H°(T,T(E))) = 0. Therefore, TV" is surjective, so there certainly exists 7 G T(E)r 
such that iV(7) = 7. 

If w G W, define w @ x t° ^e the same above formula, except that we replace % by W X> the 
u>-conjugate of x- Let T(F)q ;S denote the set of strongly regular topologically semisimple elements 
of T(F) (see P §7]), and lei Z(F) denote the center of G(F). 

Conjecture 1.1. 1. W Q X agrees with the character of a unique supercuspidal representation, 
denoted w it , of G(F) on Z(F)T(F)o jS , where Z(F) denotes the center ofG(F), and T(F)o, s 
denotes the set of strongly regular topologically semisimple elements ofT(F). 

2. The assignment 

(j)^ { w tt :w £W} 
is the local Langlands correspondence for (the pure inner forms of) G(F). 

We note that this conjecture holds for GL(£,F), where p > 21 (see |5j). In section [9j we 
will define a function rj p on T{E)y that is a canonical square root of n o 2p o N, in the case that 
G(F) = PGSp(4:, F). Our main theorem is the following. 

Theorem 1.2. The conjecture holds for depth zero supercuspidal L-packets of PGSp(4,F). 

We would like to note that in the case that H°(T,T(E)) / 0, the situation seems more difficult 
since our formula Q x is not defined on Z(F)T(F)q }S anymore, but namely on the image of T(E)y 
under the norm map. However, one might be able to remedy this with a prediction of central 
character, as for example in [IT]. We would also like to note that if E/F is ramified, it is unclear 
how to define n, though this is the subject of future work. 

We now present an outline of the paper. In £j3j we provide the background material that we 
need from real groups as well as the motivation for our work. In §|4j we review the theory of groups 
of type L due to Gross, which is an integral part of our local Langlands correspondence. In ^5} we 
review the construction of [9]. In we conduct a thorough analysis of the tori that arise in the 
TRSELPs for PGSp(4:, F). In ^7J we explicitly determine the structure of the genuine characters 
of T(E)r- In §[8j we compare the construction of Gross to the construction of DeBacker/Reeder. 
In we define our conjectural character formula for depth zero supercuspidal representations of 



PGSp(4:, F). We then prove theorem 1.2 
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2 Notation 



Suppose that G is a connected reductive group over an arbitrary field F, and T C G a torus defined 
over F. Let A + be a set of positive roots of G with respect to T. We set 

p--= 2 E «• 

Now let .F denote a nonarchimedean local field of characteristic zero. We let Oj? denote the 
ring of integers of F, pF its maximal ideal, f the residue field of F, q the order of f, and p the 
characteristic of f. Let f m denote the degree m extension of f. We let w denote a uniformizer of F. 
Let F u denote the maximal unramified extension of F. Set T u = Gal(F u / F). We denote by Wf 
the Weil group of F, If the inertia subgroup of Wp, Ip the wild inertia subgroup of Wf, and W F b 
the abelianization of Wf- We denote by W' F the Weil-Deligne group, we set Wt := Wp/Ip, and 
we set It := Ip/Ip. We fix an element <I> G Gal(F / F) whose inverse induces the map x \— > x q on 
.V: !• 

Now suppose G is an unramified connected reductive group over F. We fix T C G, an i^-split 
maximal torus which is defined over F and maximally F-split. If A and B are groups, and if B 
is a subgroup of A, then we let N(A,B) denote the normalizer of B in A. We write X := X*(T), 
W for the finite Weyl group N(G(F U ), T(F U ))/T{F U ), and set iV := N(G{F U ),T(F U )). We set 

= N Gal ( FU / F ^ /T{F). We denote by the automorphism of X and X xi iy o induced by <£, where 
X xi W D is the extended affine Weyl group. For any finite Galois extension E/F, let N E / F '■ E —> F 
denote the norm map. If E/F is a quadratic extension, we will sometimes denote the nontrivial 
Galois automorphism of E/F by x \— > x. We let E\ denote the quadratic unramified extension of F 
and we let Ei denote the quartic unramified extension of F. Set Tj = Gal(Ei/F). If A is a group 
and B is a normal subgroup of A, we denote the image of a £ A in A/B by [a]. 

3 Background from real groups 

In order to motivate the theory that we wish to develop for p-adic groups, we describe the cor- 
responding theory over M upon which our theory is based. More information can be found in 

3.1 Covers of Tori 

It will be important to describe a part of the local Langlands correspondence having to do with 
relative discrete series representations, since this is the motivation for our construction over p-adic 
fields. 

Definition 3.1. Let G be a connected reductive group over R, T C G a torus over R, and let A + 
be a set of positive roots of G with respect to T. Then 2p G X*[T). We define the p-cover T(R) p of 
T(R) as the fiber product (in the category of groups) of the homomorphisms 2p : T(R) — > C* and 
the squaring map T : C* -)• C* given byz^z 2 . Thus, T(R) p = {(t, A) G T(R) x C* : 2p(t) = A 2 }. 

Although p is not necessarily a character of T"(R), it can naturally be thought of as a character 
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of T(R) p . Namely, in the commutative diagram 



T{R) p — ^ C 



ii 



T 



T(R) — C* 

denning the fiber product, we have H'(t) 2 = 2p(t), where II(t) = t. Therefore, IT' is a character of 
T(R) p which is a canonical square root of 2p o n. Throughout the rest of the paper, we will write 
p instead of II'. 

The Weyl group acts on T(R) p as follows: If (t, A) G T(R) p and s G W(G(R),T(R)), then define 

S (t,A):=( S t,( S -V-p)(t)A) (2) 

Definition 3.2. A character \ '■ T(R) P — > C* is genuine if it does not factor through II. 

Definition 3.3. A genuine character \ of r(R) p is called regular if s x / A Vs G W(G(R),T(R)) 
where s x(i, A) := x(s _1 (*, A)). 

3.2 Relative discrete series Langlands paramaters and character formulas for 
real groups 

In this section we will briefly describe the local Langlands correspondence for relative discrete 
series representations of real groups. Let G be a connected reductive group over R that contains 
a relatively compact maximal torus. It is known that this is equivalent to G(R) having relative 
discrete series representations. 

Definition 3.4. Let t be an indeterminate and let k denote the rank of G. For h G G(R), define 
the Weyl denominator Dc(h) by 

det(t + 1 - Ad(h)) = D G (h)t h H (terms of higher order) 

Then if A is the set of roots of T in G, 

D G (h)= H(l-a(h)). 

Definition 3.5. Let G be a connected reductive group over R, T C G a maximal torus over R. 
Let A + be a set of positive roots of G with respect to T. Define 

A°(/i,A+):= 11 (l-cT 1 ^)), h G T(R) 
«eA+ 

Then if the cardinality of A + is n, we have 

(-l) n D G (h) = A°(h,A+) 2 (2p)(h). 
Defining \p(h)\ := |2p(/i)|5 (the positive square root), we get that 

\D G (h)\^ = \A (h,A+)\\p(h)\. 
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Although |p| is a character of T(M), recall that p is, in general, a character only of T(M) p . If 
h G T(M) p maps to h G T(M) via the canonical projection, then 

\D G (h)\* = |A°(fc,A + )||p(fc)| = |A (ft,A + )||p(jO|. 
We now present the classification of relative discrete series representations of G(K). 

Theorem 3.6. (Harish- Chandra) Let G be a connected reductive group, defined over E. Suppose 
that G contains a real Cartan subgroup T that is relatively compact. Let \ be a genuine character 
ofT(R) p that is regular. Let W := W(G(R),T(R)) = N(G(R), T(R))/T(R) be the relative Weyl 
group. Let e(s) := (— l)^( s ) where £(s) is the length of the Weyl group element s G W. Let T(M) reg 
denote the regular set ofT(M). Then there exists a unique constant e(x, A + ) = ±1, depending only 
on x and A + , and a unique relative discrete series representation of G(R), denoted 7r(x), such that 

9«m(h) = efeA+) - Y e(s) X ( s h), for h G T(M) rc s 

Ax){ A°(h,A+)p(h)^ ,KK h 

where h G T{R) p is any element such that H(h) = h. Moreover, every relative discrete series 
character of G(M) is of this form. 

It is important to note that while the numerator and denominator of the character formula live 
on T(R)p, the quotient factors to a function on T(M) rcg . 

We conclude the section by describing the local Langlands correspondence for relative discrete 
series representations of G(M), assuming that G(M) has relative discrete series. Fix a positive set of 
roots A + of G with respect to T. Let Wr be the Weil group of M.. Let <j> : — >• L G be a relative 
discrete series Langlands parameter. The theory in [2] canonically attaches a genuine character x 
of T(M) p to <ft. Then the local Langlands correspondence for relative discrete series representations 
of G(R) is given by attaching a Weyl group orbit of relative discrete series characters (as in theorem 



3.6) to x- The rest of the paper will be devoted to proving the analogous result for PGSp(4, F), 



where F is a local non- Archimedean field of characteristic zero. 

4 Groups of type L 

We now review the theory of "groups of type L" due to Benedict Gross. Let F be a field, F s 
a separable closure, and T a torus defined over F that splits over an extension E C F s . Let 
r = Gal(-Ey ' F). Let X*(T) be the character module of T and X*(T) the cocharacter module of T. 
Define T = X*(T) (8) C*. The group T acts on T via its action on X*(T). 

Definition 4.1. A group of type L is a group extension of V by T. 

Let D be such a group. Then we have an exact sequence 

1 -»• f -> D -> T -»• 1 

We now describe how, given a Langlands parameter 

<f>:W F ->D, 
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where D is a group of type L, we can naturally attach a character of T(E)-p := T(E)/Ir(T(E)), 
where Ir(T(E)) = {(1 — £)t : t G T(E),^ G T}. Restricting to we get a homomorphism 

By the Langlands correspondence for tori, this gives us a character % : T(E) — > C*. Since <f>\w E 
extends to (f>, one can see that 

X (t a ) = X (t) for all a G V. 

Therefore, ) = 1 f° r au o" G T. Thus, x is trivial on the augmentation ideal Ir(T(E)) and 

gives 

X : T(E) r -> C* 

Invariants and coinvariants are related by the norm map 

N : T(E) -> T(F) 

in the Tate cohomology sequence 

1 -> i?~ 1 (r, T{E)) -»■ T(E)r ^ T(F) = T(E) T -> H°{T,T(E)) -> 1 

(note that the norm map iV factors to T(E)y)- We have thus constructed a character x of T(E)y 
from a Langlands parameter 0. We note that T(E)y is a cover of N(T(E)r), which is a subgroup 
of T(F). It is sometimes the case that iV is surjective, in which case x is then a character of T(E)-p, 
which is a cover of T(F). 

5 Review of the Construction of L-packets of DeBacker and Reeder 

We now review some of the basic theory from [9]. Let G be an unramified connected reductive 
group over F. Let G denote the complex dual group of G. Fix a pinning (T, B, {x a }) for G once 
and for all. The operator 9 dual to 9 extends to an automorphism of T. There is a unique extension 
of 9 to an automorphism of G, satisfying 9{x a ) = xg. a (see (9j §3.2]). Following [9], we may form 
the semidirect product L G := (9) c< G. 

Definition 5.1. A Langlands parameter <fi : W' F — > L G is called a tame regular semisimple elliptic 
Langlands parameter (abbreviated TRSELP) if 

1. <fi is trivial on Ip, 

2. The centralizer of 4>(If) in G is a torus. 

3. Cq^) = (Z s )°, where Z denotes the center of G, and where C^(0) denotes the centralizer 
of <j) in G. 

Condition (2) forces <j> to be trivial on SX(2, C). Let iV = Nq(T). After conjugating by an 
appropriate element of G, we may assume that 4>{If) C T and 0(3>) = for some / G N . Let tD 
be the image of / in W = N/T, and let w be the corresponding element of W under the natural 
identification of W Q with W a . 
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Let (j) be a TRSELP with associated w and let a be the automorphism w9 of T(F U ). Let <r 
be the automorphism of T dual to a, and let n be the order of a. We set G a b := G/G', where G' 
denotes the derived group of G. Let L T a := (a) x T. DeBacker and Reeder (see P §4]) associate 
to 4> a T-conjugacy class of Langlands parameters 

<fr : W t ->• i T (J (3) 

as follows. Set := (p on Jp, and ^t(^) := 5" x r where r G T is any element whose class in 
T/(l — a)T corresponds to the image of / in G a b/(1 — #)G a b under the bijection 

T/(l - d>)T ^ G ab /(1 - <9)Gab (4) 

In [9l Chapter 4], DeBacker and Reeder construct a canonical bijection between T-conjugacy 
classes of admissible homomorphisms 4> : Wt — > L T a and depth-zero characers of T(T n )* CT , where 
we identify T(F U ) =1® F u and <3? CT is the automorphism cr ® <£ _1 . We briefly summarize this 
construction. Let T := X ® J*; note that $ CT = cr® <£ _1 also acts on T. Given automorphisms a, (3 
of abelian groups A, B, respectively, let Hom Qj( g(A, B) denote the set of homomorphisms f : A ^ B 
such that / o a = (3 o /. The norm map N a (t) = tQ a (t)Q^(t) ■ ■ ■ induces isomorphisms 

Hom(T*%C*) ^Hom #(r)/d (T ",C*) ^Hom^ )W (X8)f*,C*). 

Moreover, the map s t— > Xs gives an isomorphism 

Horn*,* (ft, T) ^> Hom$ CT)W (X ® ft, C*), 

where x s (A ® a) := A(s(a)). The canonical projection I t — > f m induces an isomorphism as <&- 
modules I t /{\ — Ad{<b) m )I t -> ]* m . Since a has order n, we have Hom$ i(3 .(f* , T) = Rom Ad r^\ a (I t ,f). 
Therefore, the map s t— > Xs is a canonical bijection 

Hom Am ^(I t ,f) ^ Hom(T**,C*). 

Moreover, we have an isomorphism 

(7, A) h-> 

where °T(F U ) denotes the maximal bounded subgroup of T(F U ). 

Finally, note that T/(l — a)T can be identified with the character group of X a , via the map 
taking r £ T/(l — a)T to Xt S Hom(X°", C*), where Xr(A) := A(r). Therefore, we have a canonical 
bijection between T-conjugacy classes of admissible homomorphisms <j) : Wt — > L T a and depth-zero 
characters 

X<t> '■= Xs <8> Xr (5) 
of T(F") $CT , where s := c/>|/ t , = a x r. 
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6 Generalities on Tori in GSp(4, F) and PGSp{4, F) 

In this section, we describe the unramified elliptic tori in GSp(4,F) and PGSp(A, F), since these 
are the tori that arise in [9]. The torus 

S = {diag(xi, X2, X3,x^) : X1X4 = X2X3} 

is a split maximal tours of GSp(A,F). Its Weyl group has order 8 and can be identified with the 
group of permutations of the elements {xi, X2, £3, £4} that fix the relation X1X4 = X2X3. We choose 
a system of positive roots 

a(x) = x\/x2, /3(x)=X2/x3, (a + 0)(x) = X1/X3, (2a + P){x) = X1/X4, (6) 

where x = diag(xi, X2, X3, £4). All calculations in this paper will be performed with this choice 
of positive roots. However, our results do not depend on this choice (see remark 9.6). We note 
that if p denotes half the sum of the positive roots, then 2p(x) = x\jx\x^, where again x = 
diag(xi,x 2 ,x 3 ,x 4 ). 

Let A = Ei x Ei and let a be the generator of Gal(Fi/F). By |13t §1], there is an elliptic max- 
imal F-torus T\ of GSp(A) such that Ti(F) = {a E A : aa(a) £ F*}, where a acts componentwise 
and F* is embedded diagonally as the set of pairs {(z,z) : z £ F*}. More explicitly, 

Ti(F) * {(x,y) e Ei X E x : N El/F (x) = N El/F (y)}. 

We note that T\ is conjugate to S via an element g £ GSp(A, Ei). Moreover, if diag(a, b, c, d) £ 
S(Ei), g can be chosen to satisfy a(g~ 1 di&g(a,b,c,d)g) = g~ 1 di&g(d,c,b,d)g. Thus Ti(F) = 
T 1 (i? 1 ) G!aI (' E; i/- F ) is £Ji-conjugate to the group of matrices of the form diag(x, y, y, x), where x,y E E* 
satisfy N El/F (x) = N El/F (y). 

Summarizing, we can and will identify Ti(Ei) with the group {(a,b,c,d) E (-E?i) 4 : ad = be}, 
where a E Ti acts via the formula a(a,b,c,d) = (d, c, 6, a) (recall that I\ = Gal(Ei/F)). Then 
Ti(F) = Ti(Ei) ri = {(a, c, c, a) : ad = cc}, which can further be identified with {(x, y) E E^ x E{ : 
N El/F (x) = N El/F (y)}. 

Again by [13j §1], there is an elliptic maximal F-torus T2 of GSp(4) such that ^(F) = {x E 
E2 : xr 2 (x) E F*}, where r is a generator of Gal(F2/F). We will identify these groups in the 
following way. We note that T2 is conjugate to S via an element h E GSp(4, E2). In addition, if 
(a, b, c, d) E S(E2), then h can be chosen to satisfy 

cr(/i _1 diag(a, b, c, d)h) = /i~ 1 diag(r(c), r(a), r(d), r(b))h. 

Thus 7b (F) = Tb(F2) Gal ^ 2// ^^ is F2-conjugate to the group of matrices of the form 

diag(o, T(a),T 3 (a),T 2 (a)), 

where a E E\ satisfies ar 2 (a) E F*, i.e., N E2 / El (a) E F*. 

In summary, we may identify 7b(F2) with the group {(a,b,c,d) E (Fg) 4 : ad = be}, where 
r E T2 acts via the formula r(a, b, c, d) = (r(c),T(a),T(d), r(b)). Then 

7 2 (F) = 7b(F 2 ) r2 

= {(a,T(a),T 3 (a),T 2 (a)) : a E E2,ar 2 (a) = T(aT 2 (a))} 
= {(a,T(a),T 3 {a),T 2 (a)) : a E E* 2 ,aT 2 (a) E F*} 

We will further identify this group with N~\ Ei (F*) = {a E E\ : ar 2 (a) E F*}. 
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6.1 The torus 7\. 

In this section, we will compute the Tate cohomology groups of T\ , and then give a simple descrip- 
tion of the Tate cohomology exact sequence for T\ (see section [4]) . 

Let T\ be the image of T\ in PGSp(4). Then we can and will identify T\(Ei) with {(a, b, c, d)E* : 
a, b,c,d £ E[*,ad = be}, where E* is embedded diagonally. The action of a on T\{Ei) descends to 
an action on T\(E\) given by a ((a, b, c, d)E*) = (d, c, b, a)E*. In order to compute Galois invariants 
and coinvariants of Ti(E\), it is useful to further identify T\(E\) with E* x E* as follows. 

Lemma 6.1. Identifying T\(E\) with {(a,b,c,d)E* : a,b,c,d G E\,ad = be} as above, there is a 
Galois- equivariant isomorphism 

: Ti(Ei) -> E{ x £^ 
{a,b,c,d)E{ H> (a/b,b/c) 
where the Galois action on E* x Fjj" is given by o~(w,z) \— > (1/w, X/z). Thus 

T X {F) = T^E^ * ker(iV £l/F ) x ker(N El/F ). 

Proof. The map is easily seen to be well defined. To show injectivity, suppose (f>((a,b,c,d)E*) = 
(1, 1). Thus, a = b = c. Since ad = be, we have a = b = c = d, so (a, b, c, d)E\ is trivial in Ti{E\). 
The inverse of (ft is given by (w, z) i-> (u;, 1, 1/z, l/wz)E*. To show that is Galois equivariant, 
note that 

0(<r((a,6,c,d)^)) = <!>{{d,c,b,a)E{) 
= (d/c,c/b) 
= (b/a,c/b) 
= a(a/b,b/c) 
= a(<ft((a,b,c,d)E* 1 )) 

since ad = be. The final statement now follows easily. □ 
We now consider the norm map N : Ti(E\) — > T\(Ei) ri given in section [Zj 

Lemma 6.2. H°(Ti, T x {Ei)) = 0. 

Proof. Recall that fl"°(Ti, Ti(Fi)) = T^Eif 1 /N(Ti(Ei)), where TV denotes the norm map to 
T\(F). Identifying T\(E{) with F* x F* as in Lemma |6.1| we have N(w,z) = (w/w, z/z). Thus, 
by Hilbert's Theorem 90, N(Ti(E{)) = kei(N El/F ) x kei(N El/F ) = Ti(Ei) Tl . □ 

Lemma 6.3. iT" 1 ^!, Ti(Fi)) °* (Z/2Z) x (Z/2Z). 

Proo/. Let 1 — a : li(Fi) — ► T x (Ex) be the map x i-> x/a{x). We note that H'^i, Fi(Fi)) = 
ker(iV)/ im(l — cr). Let (u;, z) € F* x F*, which we identify with Ti(Fi) as above. Since N(w, z) = 
(w/w, z/z), it follows that ker(iV) = F* x F*. 

On the other hand, for (x,y) G F*xFf = Ti(Fi), we have (1— <r)(x, y) = (N El / F (x), N El / F (y)), 
so im(l - a) = N^/piEf) x N El / F (E*). Thus 

ker(JV)/im(l - a) = (F*/(iV i;i/F (F 1 *)) x (F* /N El / F (E\*)) * (Z/2Z) x (Z/2Z). 

□ 
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The map N factors through the group Ti(Ei)-p 1 of coinvariants to give a map N : Ti(^E±)r 1 - 
T\{E\) x . We now give a concrete description of Ti(E\)y 1 - For (w,z) G E{ x E\, (1 — a)(w,z) 
(w, z)(l/w, \/z)~ l = (N El / F (w), N El /p(z)). Therefore, Ti(£'i)r 1 can be identified with 



L 1 X L ' " (El/N El/F (Et)) x (El/N El/F (Et)) 



{\-a){ElxED 

Recalling that Ti(£i) ri = ker(N El/F ) x kei(N El/F ), we have that N : Tx(Ei) Tl Ti(Ei) Fl is 
given by 

{wN El/F {El),wN El/F {Et)) ' y (w/w,z/z). 

Therefore, the exact sequence of Tate cohomology groups in section [4] reduces in our case to the 
standard exact sequence 

1 -> Z/2Z x Z/2Z -> E%/N El/F (Et) x E^N^,^) ^> ker(A^ l/F ) x hev(N El/F ) -> 1 
6.2 The torus T 2 

In this section, we will compute the Tate cohomology groups of T 2 , and then give a simple descrip- 
tion of the Tate cohomology exact sequence for T 2 (see section [4]) . 

Let T 2 be the image of T 2 in PGSp(4). Then we can and will identify T 2 (E 2 ) with {(a, b, c, d) G 
£" 2 : a,b,c,d G E 2 ,ad = be}, where E 2 is embedded in diagonally. The action of r on T 2 (E 2 ) 
descends to an action on T 2 (E 2 ) given by r((a, 6, c, d)E 2 ) = (r(c),r(a), r(d), r(6))£ , 2. In order to 
compute Galois invariants and coinvariants of T 2 (E 2 ), the following further identification is useful. 

Lemma 6.4. Identifying T 2 (£' 2 ) with {(a, b, c, d)E 2 : a,b,c,d G E 2 ,ad = be} as above, there is a 
Galois-equivariant isomorphism 

ip : T 2 (£ 2 ) ^> £ 2 * x E* 2 
(a,b,c,d)E 2 i ^ (a/6, a/c), 

where the Galois action on E 2 x .E 2 is given by r(x,y) := (r(y) _1 , r(x)). 



Proof. The map is clearly well defined, injective, and surjective as in the proof of Lemma 6.1 
Moreover, if (a, 6, c, d)E 2 G T 2 (E 2 ) (so that ad = 6c), then 

<p(r({a,b,c,d)E%)) = ^((r(c),T(a),T(d),T(b))E* 2 ) 

= (r(c/a),r(c/d)) 

= (r(c/a),r(a/b)) 

= T(a/b,a/c) 

= r(<p((a,b,c,d)E* 2 )). 



□ 



Lemma 6.5. H°(T 2 , T 2 (E 2 )) = 



Proof Recall that H°(T 2 ,T 2 (E 2 )) = T 2 (E 2 f 2 /N(T 2 (E 2 )), where N denotes the norm map to 
T 2 (F) and T 2 = G&1(E 2 /F). In showing that this quotient is trivial, we will identify T 2 (E 2 ) with 



E 2 x E 2 as in Proposition 6.4 Suppose that (x,y) G T 2 (E 2 ) r2 (under the above identification) 
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Then one easily sees that y = t(x) and x G ker(N E2 / El ). Since r 2 generates Gal(E 2 /Ei), it follows 
from Hilbert's Theorem 90 that x = w/t 2 (w) for some w G Then 

JV(w,l) = .t(w,1) -r 2 (w,l) -t 3 (u/,1) 

= KlJ.^rH).^)- 1 ,!).^^)- 1 ) 
= (w/t 2 (w), t(w/t 2 (w))) 
= {x,t(x)) 

It follows that (x,y) G N{T 2 {E 2 )), so N(T 2 {E 2 )) = T 2 (E 2 f\ □ 
Lemma 6.6. tf _1 (r 2 , T 2 (£ 2 )) = Z/2Z 

Proo/. Let : T 2 (E 2 ) — > T 2 {E 2 ) be the map x i-> x/r(x). We note that # _1 (r 2 , T 2 (£ 2 )) = 
ker(iV)/im(#). Let (to, z) E E% x E\, which we identify with T 2 (E 2 ) as above. Note that 

N(w,z) = (w, z) ■ t(w, z) ■ t 2 (w, z) ■ t 3 (w, z) 

= (w,z) ■ (t{z)-\t{w)) ■ (t 2 {w)-\t 2 {z)- 1 ) ■ (t 3 (*),t 3 H _1 ) 
= {wt{z)- 1 t 2 {w)- 1 t z {z), zt{w)t 2 {z)- 1 t z {w)- 1 ). 

Thus N(w, z) = (x, t(x)), where x = wt(z)^ 1 t 2 (w)^ 1 t 3 (z) . Thus the condition N(w, z) = (1, 1) is 
equivalent to x = 1, or w/t(z) = t 2 (w)/t 3 (z) = t 2 (w/t(z)). It follows that w/t(z) G £7*, so that 
r(z) = wet for some a 6 E\. Thus 

ker(iV) = {(^r^H/? : w E E 2 , f3 £ E{}. 

For G E 2 x E 2 = T 2 (E 2 ), we have 

&(x,y) = {x,y)r{x,y)~ 1 = (x, y)(r(y), r(x)" 1 ) = {xr(y),y /t{x)). 

Making a change of variables by setting w = xr(y), we get that 

y/r(x) = yT 2 {y)/T{w) = r _1 H ■ ^^S^ = r _1 H ■ N E2 / El (y/T{w)). 
It follows that 

im(tf) = {(^r" 1 ^ : w £ E 2 , (3 £ N E2 , El {E* 2 )}. (7) 
Therefore, it is clear that ker(iV)/ im(i?) = Z/2Z. □ 
Lemma 6.7. There are natural isomorphisms 

T 2 (E 2 )r 2 = E 2 /N E2/El (E 2 ) 
T 2 (E 2 ) r * * ker(N E2/El ). 

Identifying these pairs of isomorphic groups, the norm map N : T 2 (E 2 )y 2 — > T 2 (E 2 ) T2 is given by 

wN E2/El (E*) ' y w/t 2 (w) for w G E*. 
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Proof. Identify T 2 {E 2 ) with E* 2 x E* 2 as above. Using Q, we see that the surjective homo- 
morphism T2(E 2 ) — > E 2 defined by (w,z) i— > tt;r(z)~ 1 maps the augmentation ideal im(i?) onto 
N E2 / El (E 2 ). It therefore defines an isomorphism T2(£ , 2)r 2 — E 2 /N E2 j El {E 2 ). Moreover, by the 
proof of Lemma |6.5[ we have 



T 2 (E 2 y 2 = {(x,t(x)) : x G kei(N E2/El )} * kei(N E2 / El ) 

via the map (x,t(x)) h-> cc. 

Let (w, 1) G i£| X which we identify with T2(i?2) as above. Let («;, 1) be the image of (w, 1) 



in T2{E2)v 2 - As in the proof of Lemma 6.5 



N(w,l) = {w/t 2 {w),t{w/t\w))). 



Under the isomorphisms in the preceding paragraph, (w, 1) G T2(^2)r 2 corresponds to wN E2 / El (E 2 ) G 

E 2/ N E 2 /eA E 2)i while (Wt 2 M,t(u;/t 2 H)) G r 2 (^2) r2 corresponds to u;/r 2 (w) G ker^^). 

□ 

Therefore, we have finally shown that the exact sequence of Tate cohomology groups in section 
[4] reduces therefore in our case to the standard exact sequence 

1 -> Z/2Z -> El/N E2/El {El) ^ kex(N E2/El ) -> 1 



7 Cohomology class of group of type L 

Denote by a the generator of Gal(E\/F) and by r a generator of Gal{E2/F). Let G = PGSp(4). 
Let ^:^^ L Gbea TRSELP for Note that L G = Spin(5,C) x Gal(F/F). 

Recall that by the theory of groups of type L, <f> naturally gives rise to a character x of the group 
of coinvariants T{E)y of a torus T that is defined over F and split over E, where T = Gal(E/F). 
In this section, we explicitly compute the restriction of x to H~ 1 (F,T(E)) (see section^. 

Given a root a* of T in Spin(5), we denote by w at the reflection in the Weyl group of T in 
Spin(5) through a*. For each such a*, there is an associated homomorphism SL(2) — > Spin(5). Let 
n Q „ be the image of the matrix o) under this map. Then n at lies in the normalizer N(G,T) 
of T in Spin(5), and its image in the Weyl group of T is w at - Let denote the coroot of T 
corresponding to a*. Then 

<=«, V (-1)- (8) 
We have the following commutation relations for all roots a*, /3* and t G C (see [HJ §7.2]) 

n a J W At)n~] = (w a M)) V (t) (9) 
n a t ni3 t n~l = (w a »(/3*)) v (?? Q » i /3j • for a certain G C. (10) 

We will henceforth denote by a* and respectively, the long and short simple roots of T in 
Spin(5) (with respect to a fixed pinning). 

Lemma 7.1. Ze£ n = Tia^np^na^np^. Then h 2 = f3*(— 1). 
Proof. Observe that 
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= n a# np„ ■ (a* + ^) v (r/ Q , i( gJ • n a , + p, • a* (-1) ■ np # n a# np 9 
by Q and (10), since w«*(/3*) = a* + /3*. The above expression is equal to 

n at , ■ (np„ ((a* + /3*) v (?fa* a) ' n «.+/3. ' a * • ™/L • 

= n a , • ((a* + P*) v (rj a *,/3*) • (a* + P*) v (i]p*,a*+p,) ■ n a,+/3» • (a* + 2/3*) v (— 1)) 



•/3* (-1) • n a .ns. 



(11) 



again by Q, d9J), and (10), since wp„{oL* + /3*) = a* +/3* and it?^(a*) = a* +2/3*. But (11) can be 
rewritten as 

n a , ((a* + /3*) v (?7 Q „ i/3 , rjp^+p.) • "<a*+/3* • («* + 2/3*) v (-l) • /3* (-1)) n~* • • 



since 



P*(ria t ,i3* V$*,a*+p,) ■ (r/a»,a» +J gJ • • (a* + 2/3*) v (-l) 
•(a* + /3,) v (-l)-a^(-l)-n^, 



+ /3*) = /3*, u> a „(a:* + 2/3*) = a* + 2/3*, (/3*) = a* + /3* 



(12) 



We may re-express (12) as 



P*(Va*,p, Vl3*,a*+i3* Va*,a*+p*) ■ np„ ((a* + 2/3*) v (-l) • (a* + /3*) v (-l) • a* (-1)) n^ 1 • n| t 
= #foa.,/9. »7/J.,a.+/J. »fa.,a.+/J.) ■ <tf(-l) • (a* + /3*) v (-l) • (a* + 2/3*) v (-l) • /3, v (-l), 

as above, noting that wp„(a* + 2/3*) = a*. One checks easily that (a* + /3*) v = 2a* + /3* and 
(a* + 2/3* ) v = a* + /3* . Therefore, the preceding displayed expression equals 

/3* V (-^* A *fc.,«.+j8. W.+/0 • ^(-1) • [2a* V (-l) • /3* V (-1)] ■ K(-1)/3* V (-1)] 

= P*{—Va*,P* Vp,,a,+p, Va*,a*+P*) 

Basic results on Chevalley groups (see [8]) allow one to compute that 

-Va*,P* VP*,a*+P* Va*,a*+P» = ~1> 

concluding the proof. □ 
Recall that our parameter satisfies 4>(If) C T and = Of, for some / G N^{T). The Weyl 
group of Spin(5) is the dihedral group of order 8. If we set r = w at wp t , then for (ft to be a TRSELP, 
it is necessary that w must be a nontrivial element of (r) . Therefore, without loss of generality, we 
may take w to be r or r 2 (since r 3 is conjugate to r in the Weyl group of Spin(b), so replacing r 
by r 3 would yield an equivalent TRSELP). 

Definition 7.2. We say that a TRSELP (ft is o/ type r if w = r. We say that a TRSELP is of 

type r 2 if w = r 2 . 

Let be a TRSELP of type r 2 . We first note that this type of TRSELP is associated to the torus 
T\. More precisely, the Weyl group element associated to (ft acts on the module X*(T\) = X*(Ti) 
by (a, 6) i— > (—a, —b), which is exactly the action that gives rise to T\. We have identified T\{E\) 



with E\ x El in section 6.1 via the roots a and /3 of PGSp(A). More precisely, our identification 
was 



^■.T 1 {E 1 )^E* 1 xE* 1 
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(a,b,c,d)El i-> (a/b,b/c) = (a((a,b,c,d)Et), /3((a,b,c,d)E$)). 

This gives us an identification of T\ with C* x C* that is compatible with duality of tori. Namely, we 
use the images of the simple roots a and /3 of PGSp{4) under the isomorphism X*{T\) X*(Ti) 
to decompose T\. Explicitly, the map C* x C* — > T\ is given by 

Moreover, we have that Gal(Ei/F) acts on Ti = C* x C* via o~(w,z) = (1/w, 1/z). By the theory 
in section |4j <f> naturally gives rise to a character x °f Ti(E\)r 1 . We wish to explicitly compute 

Xb-i^TiCE!))- 

Recall the exact sequence 

i -> ff-^ri.TiC^i)) ->• TiC^On -»• Ti(F) -> 1 

(since /T°(rx,Ti(.Ei)) = 1)- Recall that 0|vk Bi has image in T\. Therefore, since the abelianization 
of W El is E*, 4>\w El factors through a map eft' : E* — > T\. Recall our identification of T\ with 
C* x C* via a* and p% . We therefore get a canonical map 

Ef-tCx C* 

x i-> (xi(x),X2(x)) 

The local Langlands correspondence for tori says that x{ w -> z ) = Xi( w )X2(z) for all w, z G E^, where 



we view x as a character of E* x E* via the identification of Ti{E\) with £7* x E* in section 6.1 
Under this identification of T\[E\) with E* x JET - (Ti,Ti(Ei)) is identified canonically with 
F* /N El i F (E{) x F*/N El / F (E*). Therefore, we wish to compute x( w -, w ), x( w , 1)> an d x(l> ro )- 

Recall that the Artin map W El ->■ ^ sends <I> 2 to ccr. Write 0(<3? 2 ) = </>'(ot) as a* (a)/3^(6), for 
some a, b G C*. The above discussion allows us to conclude that x( w , w ) = a ^> x( ro > 1) = a i and 
X(l,ro) = b. 

Proposition 7.3. We have x( w i m ) = — l)X( ro ;l) = 1? anc ^ x(l; ro ) = ~~ 1- Therefore, x factors 
to a genuine character of the two-fold cover T\(F) := Ti(Si)r 1 /(( , n7, 1)) ofT\{F). 

Proof. By the preceding discussion, we must calculate 0(<3? 2 ). Since the element r 2 of the Weyl 
group of T\ can be written !u 0t tC(j t w at w^, the element n = n at np t n at np t lies in the preimage of 
r 2 in N(G,T X ). 

We first assume that f = h, and then we will show that our result is independent of choice of 



lift of r . By Lemma 7.1 we have / = p%{— 1) = a^(l)(3^(— 1). Therefore, the claim follows in 



the case that f = h. 

Now suppose / = tn, for some t G Ti. Then 

(/>(<J> 2 ) = fntn = ihih~ l h 2 . 

We need to write thth~ 1 h 2 in the form a* (a)/?^ (6) for some a, 6 G C*. 

We need to calculate nth -1 = w a »w^w ait w^(i). Note that w acts by (a, b) \-¥ (—a,—b) on 
X*(T). It therefore must act by (w,z) i— )■ (l/w,l/z) on T\. It follows that tnth~ l = 1. In 
particular, </>( < I )2 ) = a^(l)/3^(— 1), so we have our result. □ 

Let </> be a TRSELP of type r. We first note that this type of TRSELP is associated to the torus 
Ti- More precisely, the Weyl group element associated to 4> acts on the module X*(T2) = X^T^) 
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by (a, b) i— > (—6, a), which is exactly the action that gives rise to T2. We have identified T 2 (.E>2) with 
E 2 x E 2 in section 6.2 via the roots a and a + (3 of PGSp{4). More precisely, our identification 
was 



V? : T 2 (£ 2 ) ^> £2 x #2 

{a,b,c,d)E* 2 t-> (a/b,a/c) = (a((a,b,c,d)E$),(a + /3)((a,b,c,d)E%)). 

This gives us an identification of T 2 with C* x C* that is compatible with duality of tori. Namely, 
we use the images of the roots a and a + j3 of PGSp(A) under the isomorphism X*(T 2 ) — > X*(T 2 ) 
to decompose T 2 . Explicitly, the map C* x C* ^> T 2 is given by 

(w, z) 1 "f oZ(w)(cZ + PX){z) = aZ(wz)pV(z). 

Moreover, we have that Gal(-E 2 /F) acts on T 2 = C* x C* via a(w,z) = (l/z,w). By the theory 
in section |4j <j) naturally gives rise to a character x of T 2 {E2)t 2 - We wish to explicitly compute 

Recall the exact sequence 

1 -> -ff _1 (r 2 , T 2 (£ , 2)) -> T 2 (^ 2 )r 2 -> T 2 (F) -> 1 

(since lf°(r 2 , T 2 (£" 2 )) = 1). Recall that 4>\w E2 nas i ma S e m ^2- Therefore, since the abelianization 
of We 2 is &\we 2 factors through a map <f>' : E 2 — > T2. Recall our identification of T 2 with 
C* x C* via a* and a* + 0% . We therefore get a canonical map 

E* 2 -> C* x C* 

x h-> (xi(x),X2(x)) 

The local Langlands correspondence for tori says that x^-z) = Xi( w )X2(z) for all 10,2 G E^, 
where we view x as a character of £3 x E 2 via the identification of T 2 {E 2 ) with x E 2 . Under 
this identification of T 2 (£' 2 ) with E 2 x E 2 , the element (ro, 1) represents the nontrivial class in 
H~ 1 (F 2 , T 2 (E 2 )) (see lemma 6.6). Thus, we wish to compute x(l)^ 7 )- 

Recall that the Artin map We 2 -> £"| sends $ 4 to ro. Write (/>(<l> 4 ) = 0'(ro) as a^(a)(a^+/3^)(6), 
for some a, 6 G C*. The above discussion allows us to conclude that x(l, w ) = a - 

Proposition 7.4. VFe /lave xi w i 1) = —1. Therefore, x *s a genuine character of the two-fold 
cover T^F) = T 2 (E 2 )r 2 ofT 2 (F). 

Proof By the preceding discussion, we must calculate (/>(<3? 4 ). The element rh = n^rig, lies in the 
preimage of r in N(G, T 2 ). We first assume that f = rh, and then we will show that our result is 
independent of choice of lift of r. 

Note that m 4 = na^n^na^n^na^n^ria^ri^. This is precisely the expression that was calcu- 



lated in the proof of Lemma 7.1 to equal /3 V (— 1). 

Therefore, in the case that f = rh, we have our result, since /3^(— 1) = a^{— l)(a* + /?#)(— 1), 
so that x( ro > 1) = ~~ 1- 

Now suppose / = im, for some i G T 2 - Then 

0(<3? 4 ) = (irh,) 4 = irhirh~ 1 rh 2 im~ 2 rh 3 im~ s rh 4 . 
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Note that w acts by (a,b) \-t (—b,a) on X*(T). It therefore must act via (w,z) h-> on T2. 

It follows that if t = (w,z), then trhtm~ 1 m 2 tm~ 2 m 3 tm~ 3 = (w, z)(l/z, w)(l/w, l/z)(z, 1/w) = 1. 
Therefore, ^(^ )4 ) = m 4 = a* (— l)(a* + /?*)(— 1), so we finally have our result. □ 
To summarize, we have calculated in each case the restriction of x to H~ 1 (Ti,Ti(Ei)) by com- 
puting powers of </>(«£). On the other hand, one can see that the computation of these powers of 
are also precisely the data needed to compute the cohomology classes of the groups of type 
L that arise for each Langlands parameter. In fact, Gross has predicted a canonical link between 
x| fj-i and the cohomology class of the group of type L as follows. Recalling the notation of section 
[4j there is a canonical sequence of isomorphisms 

H 2 (T,f) ^ H 3 (T,X*{T)) ^ H~ 3 (T,X*{T))* ^ ET 1 ^, T(E))*, 

where i? _1 (r, T(E))* denotes the dual of H~ 1 (T,T(E)). These isomorphisms are given by the 
exponential sequence 

1 -»• X*(T) -> X*(T) ® C -»• f -> 1, 

the universal coefficients theorem, and Tate duality, respectively. Therefore, if D is a group of type 
L, the composition of the above isomorphisms canonically gives a homomorphism 

c D : H~ X (Y,T(E)) -»• C*. 

Gross has predicted that if : — >• D is a Langlands parameter, and if X G T(E)t is the character 
that <p gives rise to as in section [4J then the restriction of x to H~ 1 (T,T(E)) is equal to cp. 

8 The relationship between the Gross construction and the DeBacker— 
Reeder construction 

We consider here a TRSELP <fi for any unramified connected reductive group G. Let T be as 
in Q Let E, Xi etc. be as in §|4| Let w be the Weyl group element associated to 0, and set 
a = w6 G Aut(T). Let x<t> be the character of T(F) = T* CT that DeBacker and Reeder attach to <fi 
(see section [5]). 

We have the exact sequence 

1 -»■ # _1 (T, T(£)) -»■ T(E) r -> T(F) -> H°(r, T(£)) -»■ 1 

where T = Gal^/i 7 ). Recall that canonically gives rise to a character x of T(E)r, by local 
Langlands for tori (see section [4]). Note that the above exact sequence restricts to an exact sequence 

1 -> F" 1 (r,r(o £ ;)) ->• T(o B ) r T(o F ) -> fl°(r,r(o B )) 1 

Moreover, one can show using a profinite version of Lang's theorem and various results about tori 
over finite fields, that since T is unramified, H~ 1 (T,T(oe)) = H°(T,T(oe)) = 1- Therefore, the 
map 

T(o E ) r ^ T(o F ) 

is an isomorphism, and we may view xlT(o B ) r as a character of T(op) via this isomorphism. Now, 
since x was obtained from 4>\w E v ^ a the local Langlands correspondence, we get that x<f> N = x 
on T(0e)t- We have therefore proven the following lemma. 
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Lemma 8.1. The restriction to T(oe)t — > T(of) of the genuine character arising from the Gross 
construction coincides with the character ofT(op) that is constructed from <p via the construction 
of DeBacker-Reeder construction. 

Let T(F)o s denote the set of strongly regular topologically semisimple elements of T(F) (see 
§7]). In the next section, we will attach a conjectural character formula to 4>, and we will show 
that it agrees on T(i r ')o )S with the character of a unique depth-zero supercuspidal representation 
attached to <f>. This character is calculated in [9], and we now recall it in a simple case. 

Let T(F)o^ s denote the set of strongly regular topologically semisimple elements of T(F). Recall 
that W = N(G(F u ),T(F u )) ru /T(F). 

Definition 8.2. [9, §11] Suppose 7 G T(F) is strongly regular and topologically semisimple, and 
let w G N{G(F U ),T{F))/T(F U ). Set 

™n 4> ( 1 ) = e(G,T)Y, W X4>{n~ 1 in), 
new 

where w X(f> denotes the w-conjugate of x</>> an d where e(G,T) is as in [9l §4.4]. 

We set TZ^ = 1 TZ ( j ) . Associated to (f>, Debacker and Reeder (see [9]) have attached a collection 
of depth zero supercuspidal representations (i.e. an L-packet) indexed by N(G(F U ),T(F))/T(F U ). 
We denote the depth zero supercuspidal representation associated to w G N(G(F U ),T(F))/T(F U ) 
by w tt. Let 9™ n denote the character of w tt. 

Theorem 8.3. J3 §11] ^(7) = W K^) V 7 G T(F) , S . 

Remark 8.4. We remark that for the group that we are interested in, PGSp(4, F), it is always 
the case that if T is unramified elliptic, then T(of) — T(F). In particular, H°(T,T(E)) = 1 and 
the exact sequence 

1 -> iJ- 1 (r,T(S)) -> T(E) r -> T(F) -> 1 

splits. 

9 Character formulas 

9.1 Calculating the stable character 

In this section, we define our character formula and prove that it agrees with the character of 
a unique depth-zero supercuspidal representation on T(F)q )S for an appropriate torus T. We 
first recall our identification of Ti(Ei) with the group {(a,b,c,d) G E* : ad = be}. Under this 
identifiction, we choose the following system of positive roots. For t = (a, b, c, d) G Ti(Ei), set 

a(t) = a/b, f3(t) = b/c, (a + /3)(t) = a/c, (2a + f3)(t) = a/d, 

In section [6j we described the groups Ti(F) of F-rational points via the isomorphisms 

4'.T x {Ex) ^ E{xE{ 
(a,b,c,d)E* H> (a/b,b/c) 

<p:T 2 (E 2 ) ^ E* 2 xE* 2 
(a,b,c,d)E 2 1 y (a/b,a/c). 
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Under these identifications, the two-fold covers Ti(F) arising from Langlands parameters via the 
theory of groups of type L are 

TUP) = (E{ x El)/(E{ x N El/F (ED), T^F) = E* 2 /N E2 / El (E* 2 ). 
Moreover, we have identifications 

= ker(N El/F ) x ker(N El/F ), T 2 (F) = ker(N E2/El ). 
The covering norm maps are 

N : T\(F) -»• Ti(F) 

{[Wl], [W 2 ]) H-> (wi/vh,W 2 /w 2 ) 

N-.T^F) -> T 2 (F) 

We will compute our character formula using these realizations of Ti(F). In particular, we will 
need to compute root values on elements in these renditions of Ti(F). This is done, by pulling back 
via (f)~ l and y? -1 . In particular, if z G T\(F) = kev(N El / F ) x ker(A^ El /^) and (5 is a positive root 
as above, then 8(z) is defined by 5(<p~ 1 (z)). If z € T 2 (F) = ker(N E2 / El ), then <5(z) = 5(ip~ 1 (z)), 
where we are identifying T 2 (F) with ker(N E2 / El ) as in the proof of Lemma 



6.7 



In particular, it is readily computed that the values of the positive roots on T\(F) are 
a((zi,z 2 )) = zi, /3((zi, z 2 )) = Z2, (a + (3)((zi,z 2 )) = ziz 2 , (2a + 0){{zi, z 2 )) = zfz 2 , 
while those of the positive roots on T 2 (F) are 

a(z) = z, (3(z) = t(z)/z, (a + f3)(z) =t(z), (2a + f3)(z) = zt(z). 



We now define our Weyl denominator. Recall from section [3/2] that in the real case, the Weyl 
denominator was given by A°(t, A+)p(t), where t G T(M) and t was a lift of t to T(R) /0 . Our Weyl 
denominator will be a p-adic analogue of A°(t, A + )/>(t), as we now explain. 

For a regular semisimple element t G Ti(F), note that A°(t,A + ) takes values in £"*, not C*. 
Hence we must compose A with an appropriate C*-valued character r\ which we define later. For 

the p-adic version of p(t), we wish to define a complex- valued function on Ti(F) that will act as a 
"square root of r\ o (2p)", in analogy with the case of real groups. More precisely, we will define a 
function rj p on T{(E)t that is a canonical square root of rj o (2p) o N, which we will later compute 
in the separate case T\ and T 2 . 

Before we define our character formula, we need to verify that the action of a certain Weyl 

group on Ti(Ei) decends to one on T{(Ei)ri and T{(F). 

Lemma 9.1. Let G be a connected reductive F-group and let T be a maximal F-torus of G. Let 
E be the splitting field ofT as in <Q and set T = Gal(E / F) . 

1. N(G(E),T(F))/T(E) ^ (N(G, T)/T)(F). 

2. The standard action of N(G(E),T(E))/T(E) on T(E) determines well-defined actions of 
N(G(E),T(E)) r /T(F) and (N(G,T)/T)(F) on T(E), which factor naturally to actions on 
T(E) r . 
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Proof. We first prove (1). Let nT{E) G N(G(E),T(F))/T{E). Let t G T(F). Then nin" 1 G 
T(F), so for 7 G r, 7(n)t7(n)~ 1 = 7(ntn _1 ) = ntn^ 1 . Thus n _1 7(n) centralizes T(F), hence 
centralizes T(E). Thus n _1 7(n) G T(E) so j(nT(E)) = j(n)T(E) = nT(E). Thus the elements of 
N{G(E),T(F))/T(E) are T-fixed, so N{G{E),T{F))/T{E) C (N(G,T)/T){F). 

Conversely, since T splits over I?, any coset in (N(G,T)/T)(F) has a representative in the 
normalizer N(G(E),T(E)). Then j(n) = nt' for some tf G T(i?) since nT is F-rational. Let 
t G T(F). Then for 7 G T, 7(ntn~ 1 ) = 7(n)t7(n)~ 1 = (nt')t(nt')- 1 = ntrT x . Thus ntrT 1 G T(F), 
so n G N(G(E),T(F)), as desired. 

We now prove (2). The group N(G{E),T(E)) T /T(F) embeds naturally in (N(G,T)/T)(F). 
Thus it suffices to to prove the statement for (N(G,T)/T)(F) = N(G{E),T(F))/T{E). Let n G 
N(G(E),T(F)). Then since n normalizes T(F), n also normalizes the centralizer of T(F) in G(E), 
which is T(E). Therefore, N(G(E),T(F))/T(E) acts on T{E). 

We now have to show that N(G(E),T(F))/T(E) sends the augmentation ideal {ta^)^ 1 : t G 
T{E), a G T} to itself. Let t G T(E),a G T and let w G (N(G,T)/T)(F). Then 

i tut wt wt 

w- 



o-(t) w(t) 6r(tr- 1 («;(<r(t)))) o-( ff_1 w)(t) cr(w(t))' 

the last equality coming from the fact that w G (N(G,T)/T)(F), so w is fixed by Galois. □ 

Remark 9.2. When G = PGSp(4), it is easily seen that (N(G, Tj)/Ti)(F) stabilizes ker X C Ti(Ei), 
hence acts on Ti(F). 



Let (f>i be a TRSELP of type r 2 and </> 2 a TRSELP of type r (see Definition WM . We now define 

a character formula associated to a Langlands parameter </>j. Let Xi £ ^i(^*)r be the character 
that is attached to <fo via the theory of groups of type L. Write 

W i = N(G(E i ),T l (E i )) r >/T i (F) 

and note that W% embeds naturally in (N(G,Ti)/Ti)(F). 

Definition 9.3. Let 7 be a regular semisimple element of Ti(F). For w G (N(G,Ti)/Ti)(F), define 
-9 Xi ( 7 )tobe 

^2 n * w *xiii) 



r/(A0( 7) A+))7 7p (7) 

where 7 is any element of Ti{Ei)x- i such that N{^) = 7. Here s*Xi(n) := Xi{ s ~ l l s ) f° r s S 
(^(G.TO/TOCF). We also set 9 Xi ( 7 ) = 1 e x< ( 7 ) 

A priori, this expression depends on the particular choice of 7, not just 7. However, we will 
verify in sections 9.1.2 and 9.1.3| that it doesn't depend on the choice. 
We will sometimes denote t/(A°(7, A + ))?7p(7) by D(j). 

The next section concerns the character rj p appearing in our Weyl denominator. In the two 
subsequent sections, we construct rj p for T\ and T2, and then we prove that Q Xi agrees with TZ^. 
on Ti(F)o, s . 
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9.1.1 The p-adic Weyl denominator 

If i = 1, let rj be the quadratic character oje 2 /Ei > while if i = 2, let 77 be either of the two characters 
of E 2 of order 4. In §9.1.2 and £9.1.3 for each of the two tori T\ and T 2 , we construct a genuine 

character rj p of Ti(F) such that we have a commutative diagram 



'/p 



N 



Ti(F) C* 

where s : C* — > C* is the map s(z) = z 2 . This is equivalent to showing that there exists a genuine 
character r/ p of Ti{F) whose square is the character 77 o (2p) o N. The character 77^, is unique up 
to multiplication by a non-genuine character of Ti{F) of order dividing 2. However, it is easily 
seen that imposing the additional condition that r/ p be trivial on the image of T^o^Jr in Ti{F) 



determines r\ p uniquely. The character rj p constructed in £9.1.2 and £9.1.3 does indeed satisfy this 
extra condition and is therefore the unique such character. 



9.1.2 The torus Ti(F) 

We first consider the torus T±. Let 77 = ui E2 / El . Let (zi,z 2 ) G T\{F). Then 

„(A°«*. 22), A + )) _ „ (1 - 1) , (1 - 1) , (1 - -L) „ (l - -£_) . 

Note that this equals 

f-i w t\ ( \ ( -1 w\w 2 \ f. wlw 2 \ 
77 I 1 r/1 r? 1 77 1 ± — 

V W\) \ W 2 J V ^1^2/ \ W(W 2 J 

for any ([wi], [w 2 ]) G Ti(^i) r such that iV([7/Ji], [io 2 ]) = (zi,z 2 ). 

We now determine the character 7? p . To calculate 77^, we must find a canonical square root of 

77 o (2p) o N. For ([wi], [w 2 ]) G Ti(F), we have 



T7((2p)(iV([«; 1 ], [77J 2 ]))) = v(( 2 P)((wi/wi,w 2 /w 2 ))) = 77 



TTJl 7^2 7^1102 71>f 77J2 



U7l W 2 WlW 2 W \ W2> 

Multiplying by 7](w 2 )/rj(w 2 ), and noting that 77 is trivial on w 2 w 2 , we get 



M W 2, 



Observe that the character 



7 ? (2 /3 (iV(K],M))) = 77 



wfw 2 



([U7l], [W 2 ]) ^ 7/ 



wfw 2 
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is a square root of rj o (2p) o AT. Moreover, this character is trivial on the ima ge of Ti(o^ 1 )r 1 in 
Ti(F) and nontrivial on ([1], [w]) G H (Ti, Ti(E\)), hence must equal r\ p (see 9.1.1). Therefore, 



we have that 



9 \ / 2 



2„,,2 



l w 2, 

1 MM M 1 1 \ / 2 

77 I — ?? = V = V — Will)2 

\Wi W\) \W2 U)2 ) \W\W2 W\W2j V 

Since rj is trivial on the norms, we may multiply this whole expression by rj{wiW2W\W2) 2 = 1 to get 



T](wi — Wl)rj(w2 — W2)l](wiW2 — W\W2)rj{w l W2 — w(w2)- 

Proposition 9.4. G Xl (7) = K^d) for all 7 G Ti(F) 0)S . 

Proof. Let 7 = (21,22) 6 T\{F) (so that Zi G ker(N El / E ) according to the identification in 



Lemma 6.1). Assume that 7 is strongly regular topological semisimple. The assumption of topo- 
logical semisimplicity on 7 means that the Zi are roots of unity. Moreover, the assumption of 
strong regularity implies that Z\ 7^ 1,Z2 7^ 1,Z\Z2 7^ l,zfz 2 7^ 1. We will compute the terms in 
Xl on Ti(Ex)t 1 . Note that rj p pulls back canonically to a character, which we denote r\ p again, 

on T\{E\)y x , via the canonical projection T\{E\)y x — > Ti(F). Let 7 = ([wi], [W2]) G Ti(Ei)p 1 = 
{El/N El/F (Et)) x (El/N El/F (ED) satisfy N(j) = 7. 

By Remark |8.4| we have that N gives an isomorphism Ti(o El )r 1 — T\(F). Thus, given 7 as 
above, one can choose 7 to lie in Ti(o.E 1 )r 1 - We suppose first that this is the case, i.e., that Wi G o El 
for i = 1,2. Then wi and W2 may be chosen to be roots of unity. Plugging in wi,W2, we get that 
wi/w\ 7^ \,W2/w2 / 1, {w\W2) / (^1^2) 7^ 1) (^1^2)/ (^1^2) 7^ 1- Since w\,W2 are roots of unity 
and i] is unramified, we therefore get that 



rj(wi — Wi)rj(w2 — W2)f](wiW2 — WiW2)f](w 1 W2 — wfw2) = 1. 

Now recall from Section [8] that xi = Xi 4>1 N on Ti(o El )r 1 - Therefore, 

for ([wi], [W2}) G Ti(o El )r 1 mapping to 7 = (zi,z 2 ) via the norm map. 

Now suppose that w \ , w 2 G E\ are arbitrary, i.e., 7 is an arbitrary element of Ti(£'i)r 1 such that 



_/V(7) = 7. By Remark 8.4, 7 = 7o<5 for some 70 G T\{o Ei )y 1 and 5 G (Ti, T\(E\)). It suffices 
to show that Xl (7o<5) = @xi(7o) for all 5 G ff _1 (ri, Ti(E'i)) and strongly regular, topologically 
semisimple 70 G T\(o Ei )t- 

First consider 5 = ([w], [w]). Note that 

DQwwi], [WW2]) 

= r](zuwi — wwi)t](vjw2 — ww2)r}(vjw\ww2 — vjw\vjW2)t} {{vDW\) i l zuw2 — (wwi) 2 zuw2 S j 
= r](xu) r D([ Wl }, [w 2 ]) = -D([ Wl ], [w 2 ]). 
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Moreover, 

^2 n *Xi{[^wi),[ww 2 }) = ^2 [w])n*xi([wi], [w 2 ]). 

To simplify this sum, we need to compute the Weyl group action on T\(E\) = E± x E*. Let 
w a , wp be the reflections in the Weyl group W(G, T\) of PGSp{^) with respect to T\ corresponding 
to the simple roots a and f3. Using the isomorphism <j> as in Lemma 6.1 we have Wy(w, z) := 
4>(w^ / (4>~ 1 (w, z))) for all (w,z) E E* x E% and any root 7. The action of w a and wp on T\(E{) is 
given by 

w a ((xi,X2,x 3 ,x 4 )El) = (x2,xi,X4,X3)E* w l3 ((x 1 ,X2,x 3 ,X4 : )El) = (x 1 ,x 3 ,x 2 ,x i )El. 
Thus we have 

w a (w,z) = (j)(w a (w,l,l/z, l/(wz))) = <j)((l,w, l/(wz),l/z)) = (l/w,w 2 z) 
wp(w,z) = <p(wp(w,l,l/z, l/{wz))) = <p((w, l/z,l, 1/(102))) = (wz,l/z). 

It is now easily seen that w a , wp commute with the action of G&l(Ei/F), hence lie in (N(G, T\) /T\)(F). 
Thus (N(G,T 1 )/T 1 )(F) = W(G,T 1 ). 

Using the above formulas, we get that w a ( [zu] , [zu] ) = ([1/zu], [zu 3 ]). But ([l/tu], [ro 3 ]) = 
(M,M) G E x /N El/F (El) x E 1 /N El/F (El) since ro 2 e N El / F (Ei)- Therefore, w Q ([ro],M) = 
([ro], [ro]). Moreover, io a ([l], [ro]) = ([1], [w\). Similarly, we have u^Qro], [zu]) = ([1], [zu]) and, since 
w/3 has order 2, io^([l], [tu]) = ([zu], [zu]). It follows that we must have io a ([W], [1]) = ii^Qtu], [1]) = 

(N ; [:•])• 

Since the (N(G,Ti)/Ti)(F) is generated by w a ,wp, since Xi([ro], [zu]) = xi([l], [zu]) = —1, and 
since W x C (N{G,T{)/T{){F), we have 

n,*xi(M,N)ri*Xi(K],[u;2]) = - ^ n *Xi(K],K])- 

Therefore, 

^ n*xi([^H> H2]) n *Xi([^i], [W2]) 

D([c7Wi], [zuw 2 ]) D([ioi], [io 2 ]) 

We now consider the element ([1], [zu]). It is easy to see that Z)([toi], [roio 2 ]) = r)(zu) 3 D([wi], [102]). 
Since rj(zu) = —1, we have D([wi], [ZUW2]) = —D([u>i], [102])- Also, the above discussion of the action 
of (iV(G,Ti)/Ti)(F) shows that 

^2 ™*Xi([l], N)«*Xi([wi], [w 2 ]) = - ^ n*xi(M,[w 2 ]), 

neWi neWi 

which handles the case 5 = ([1], [zu]). 

Now consider ([ro], [1]). It is easy to see that D([zuwi], [w 2 ]) = rj(zu) 4 D([wi], [1V2]) = D([wi], [io 2 ]). 
Moreover, 

^ n*xi([^i],M) = ^ n *Xi(N, [l])n*xi(K], [u; 2 ])- 

Since w a ,W/3 both fix ([ro], [1]), and since xiQ^ 7 ]; [1]) = 1, we have 

Y n*Xi([^i], KD 2 n *Xi([^i] 5 K]) 
D([zu Wl ],[w 2 ]) ~ D{[ Wl ],[w 2 ]) 

□ 
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9.1.3 The torus T 2 {F) 



Let rj be an unramified character of of order 4. Let z be an element of ker(N E2 / El ), which we 
identify with T 2 {F) as in Lemma 6.7 Then 



t/(A°(*,A+)) = 7? f 1 - I) »7 T 1 



77 1 



r(*) 



77 1 



1 



zt{z) 



(13) 



Let [io] 6 E^/N E2 / El {El) = T 2 (F) = T 2 (E 2 )r 2 satisfy iV(to) = w/t 2 (w) = z. Then ffity equals 



7? 1 



t 2 (to) 



w 



r, 1 



WT 3 (w) \ ( T 3 (w)\ ( T 2 (w)t 3 (w) 

v i 1 " 



t(w)t 2 (w) 



t(w) 



wt(w) 



We now wish to define the analogous function 77 p on T 2 (E 2 )r 2 as we did for Tx(£^i)r 1 - Again, 
we first compute 77 o (2/o) o N. For [to] G T 2 (E)r, let z = iV([u>]) = w/t 2 {w). Then rj((2p)(z)) = 
t]{zt{z) 3 ) so 

r / ((2p)(iV(H))=r / ( ^Mi^ V 
\t z (w;)t' 3 (70J' :5 / 

If we multiply this by r}(wr(w)) /t]{wt{w)) , we get 

w 2 t(w) 



v((^p)(N([w})) = r] . 

since 77 is trivial on N E2 /p(E%). Thus the character 

wt(w) 2 



i] 



w 2 t(wY 
t 3 (io) 2 



zo 1 y 7j 



T 3 (w) 



is a square root of 77 o (2/3 ) o N. This characte r is tr ivial on the image of T 2 (o E2 )r 2 an d nontrivial 
on H~ 1 (T 2 , T 2 (E 2 )), hence must equal 77^ (see 9.1.1). 
Therefore, we get 



D(M) = 77(A°(iV(H),A+))77 P (H) 



77 1 



T 2 (W) 



W 



77 1 



WT 3 (w) \ ( T 3 (w)\ ( T 2 (w)t 3 (w)\ ( Wt(w) 2 
1 77 1 — T? 1 — 77 



77 (w — T 2 (w)) 77 ( t(w) 



t(w)t 2 (w) 

WT 3 (w) 



T 2 (w) 



r(io) 



77 (r(io) — T 3 (w)) 77 



wr(w) y 

1 T 2 (w) 



r 3 (w) 



T 3 (w) Wt{w) 



(14) 



Since 7/ is trivial on iV^/jr^l), we have t]{wt{w)t 2 (w)t 3 (w)) = 1. Thus, multiplying (14) by 
t](wt(w)t 2 (w)t 3 (w)), we find that 

.D([io]) = 77(10 — t 2 (to))t7(t(io)t 2 (io) — tor 3 (to))77(r(io) — r 3 (7o))r7(7i;r(7i;) — t 2 (w)t 3 (w)). (15) 

Proposition 9.5. G X2 ( 7 ) = ^(7) V 7 € T 2 {F) , S . 

Proof. Let 7 E T 2 (F) correspond to the element z S ker(N E2 / El ) via our identification of T 2 {E 2 ) 
in section 6.2 Suppose that 7 is strongly regular and topological semisimple. Then z is a root of 



unity, and moreover, z ^ 1, z ^ t(z), and 2 / r(z) . Let 7 6 T2(£ , 2)r 2 satisfy iV( 7 ) = 7. Then 7 
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corresponds to an element [w] E E^/N^/EiiE^) (as in Lemma 6.7) such that w/t 2 (w) = z. The 



strong regularity of 7 implies that w 7^ t 2 (w), wt 3 (w) 7^ t(w)t (wj, and wt(w) ^ t 2 (w)t 3 (w). 

As in the case of the torus Ti, by Remark |8.4[ N gives an isomorphism T2(o£ 2 )r 2 — T 2 (F). 
Thus, given 7 as above, one can choose 7 to lie in T2(o£ 2 )r 2 - Suppose first that this is the case, 



i.e., that w E 0e 2 - Then w may be chosen to be a root of unity. It follows from this and (15) that 
•DQu;]) = 1. Since \2 



X2, 2 ° 



@x 2 (7) 



N on T2(o^ 2 )r 2 ( see we obtain 

n *X2([w]) 

n£W 2 



D([w]) 



X n *X2([w]) = 7^,(7). 
n&V 2 



Now suppose t hat w E -EjJ * s arbitrary, i.e., 7 is an arbitrary element of T(E 2 )r such that 



N(j) = 7. As in {9.1.2. it suffices to show that e x2 (7 <5) = 9 X2 (7 ) for all 5 E fl" _1 ( r 2, T 2 (E 2 )) 



and strongly regular, topologically semisimple 70 E T2(o£ 2 )r 2 - From Lemma 6.6, it follows that 
the nontrivial element 5 of H~ 1 (T 2 , T 2 (E 2 )) C T 2 (E 2 )r 2 is [ VJ ]- 
First note that 

D(H) 

= rj(ww — t 2 {ww))ti{t{ww)t 2 {vow) — wwT 3 {ww))r}(r{ww) — t 3 (zuw)) 

■ i](zuwt(vuw) — t 2 (zuw)t 3 (zuw)) 
= r](w) 6 ri(w — T 2 (w))r](T(w)T 2 (w) — WT 3 (w))r](T(w) — t 3 (w))t](wt(w) — t 2 (w)t 3 (w)) 
= V (wfD([w]). 

This is equal to —D([w]) since r](zu) has order 4. 

To simplify the numerator of Q X2 ([zuw]), we compute the Weyl group action on T 2 (E 2 ) = 
E\^E\. Let w a , wp be the reflections in the Weyl group W(G, T 2 ) of PGSp(4) with respect to T 2 
corresponding to the simple roots a and /3. Under the identification 99 Lemma |6.4[ we have 

w a (w, z) = ip(w a (wz, z, w, 1)) = (p{z, wz, 1, w) = (1/w, z) 
wp(w, z) = ip(wp(wz, z, w, 1)) = ip((wz, w, z, 1)) = (z, w). 

Recall from Lemma |6.4| that t(w,z) = (r(z) _1 ,t(w)). One easily checks that the subgroup 
(N(G,T 2 )/T 2 )(F) of elements of W(G, T 2 ) which commute with the action of G&1(E 2 /F) is pre- 
cisely (w a Wfs). Now the element [zu] of E 2 /Ne 2 /Ei (-^2) corresponds to the coset in T 2 (E 2 )y 2 
represented by the element (zu, 1). But (w a wp)(zu, 1) = (l,zu), which corresponds to the element 
[zu- 1 ] = [zu] e E* 2 /N E2/El {E* 2 ). If follows that (N(G,T 2 )/T 2 )(F) acts trivially on H- X (T 2 ,T 2 (E 2 )). 
Therefore, since W 2 C (N(G,T 2 ) /T 2 )(F), 

X ra*X2([«H) = X n *^2(N)n*X2(N) = X X2(N)n*X2(M) = - X n **2(M) 

neW2 neVK2 neW2 n&W 2 

since X2([^]) = — 1. Therefore, we get 

X "*X2([aVD - X n*x 2 (M) X n *^2(H) 

neVK 2 n£\V 2 neW 2 



D([zuw]) 



-D([w}) 



and we are done. 



□ 
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Remark 9.6. We note that our definition of Q Xi involved a choice of positive roots. However, 
after some calculation, one can see that the functions Q Xi do not depend on the choice of positive 
roots. 



9.2 Uniqueness of restrictions of characters 

In this section, we show that a depth-zero supercuspidal character of PGSp{A, F) that comes from 
the torus Ti(F) is uniquely determined by its restriction to Tj(i ? )o )S . We do this in the setting of 
a general unramified group. From now on, let G denote an unramified reductive F-group. Let ir 
be a depth-zero supercuspidal representation of G(F) associated to an elliptic maximal F-torus 
T. We show that if the character of tt coincides on Z(F)T(F)q }S with that of another depth-zero 
supercuspidal representation of G(F), then these representations are equivalent. We do this first 
when both representations arise from the same elliptic maximal F-torus T of G. Recall that W 
denotes the Weyl group N(G(F U ), T(F u )f- /T{F). 

Lemma 9.7. Let xi be a depth zero character ofT(F). For q sufficiently large, the function 

n * Xl 

new 

is not identically zero on Z(F)T(F)q >s . 

Proof. Suppose to the contrary that / = Ylmew n *Xi vanishes on Z(F)T(F)o >s . The group T* ,T C T 
is the quotient of the maximal compact subgroup T(of) of T(F) by its pro-unipotent radical. Since 
Xi has depth zero, / can be viewed as a function on T* CT . Since xi is regular, the characters n*xi 
are all distinct as n ranges over W. Thus (f,Xl) = 1) where (•,•) denotes the standard Hermitian 
inner product on the space of complex- valued functions on T* CT . 

Let Y be the complement of the image of T(F)o tS n T(of) in T*". Then as a function on T , 
/ vanishes off of Y. Thus 

i = (f,xi) = ippn Yl Yl ( n **i)(y) • x^iv) ^ 7f£p 

It follows that 

|Y|/|T*»| > 1/\W\. (16) 

It is easily seen that Y lies in the union Y of the fixed-point subgroups T w of T as w ranges over 
W\{1}. Note that Y is a subvariety of T of dimension strictly smaller than that of T whose definition 
is independent of the particular residue field f. It follows that |y|/|T* CT | — > as q increases. Hence, 
for q sufficiently large, |Y|/|T* CT | < 1/|W|. For such q, (16) implies that / cannot be identically 
on Z(F)T(F) 0yS . ' □ 

Remark 9.8. In the case of G = PGSp(A), one can calculate that the inequality |y|/|T* CT | < 1/|W| 
holds for T\ when q > 46 and for T2 when q > 3. 

Proposition 9.9. Let Xl>X2 be depth zero characters ofT(F). Suppose 

new new 

for all strongly regular, topologically semisimple elements 70 G T(F)o yS and for all elements z G 
Z(F). Then xi = "4X2 for some n' 6 W. 
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Proof. Let S := T(F) \ Z{F)T{F\ S . By Lemma 



9.7 



new 

is non-zero for some 7 G Z{F)T(F)q )S Since xi is depth zero, it follows in particular that xi\s = 
ra *Xi|s f° r an n ^ Therefore, the same argument as in the proof of [151 Lemma 5.1] shows that 
there exists n" G W such that xi = n *X2 on S (note that [T5J Lemma 5.1] applies when W is of 
prime order. However, the proof holds for general W since in our case we have that Xi\s = n *Xi\s 
for all n G W). 

We now have that 

new new 

Therefore, by linear independence of characters we get that xi = n '*X2 for some n' G W. □ 
We now show that the character of the above supercuspidal representation tt associated to T 
cannot cannot agree on Z(F)T(F)q jS with the character of a depth-zero supercuspidal representa- 
tion associated to a maximal torus that is not F-conjugate to T. 

Proposition 9.10. Suppose that ip,<p' are TRSELPs associated to non-conjugate Weyl group 
elements w,w'. Let T,T' denote the elliptic tori associated to w,w'. Then there exists 7 G 
Z(F)T{F)o, s such that 7^(7) / 7^,(7). 

Proof. It is consequence of remarks in pH §10.1] that IZ^i vanishes completely on Z(F)T(F)Q tS . The 
reason is that if 70 G T(F)o, s , then 70 is not contained in any conjugate of T' . But we have shown 



in Lemma 9.7 that IZ^ doesn't vanish on all of Z(F)T(F)o yS . □ 
There is one minor point here to resolve. We do not claim that there are no other supercuspidal 
representations outside of [9] of G(F) whose characters agree with X on Z(F)T(F)o^ s , even though 
we expect this to be true. The reason we cannot claim this is that these characters haven't yet 
been completely computed in the literature. 

We are ready to state our main theorem. Let (j) be a TRSELP for PGSp(4:, F) with associated 
Weyl group element w, and let T(F) be the elliptic torus of PGSp(A, F) defined by w, and suppose 

y associate a character 
we may now set L{x) 



T splits over E, with T := G&1(E/F). Recall that t o 4> we may ca non ical 
X G T{E)y as in section [4J Combining propositions 



9.9 



9.10 



9.4 



and 



9.5 



to denote the collection { w a : w G N(G(E),T(F))/T(E)}, where w a is the unique depth zero 
supercuspidal representation of PG5p(4, F) considered in [9], whose restriction to T(F)q s equals 

Theorem 9.11. The composite map 

T\E) T \ Y L( X ) 

is the tame local Langlands correspondence for PGSp(4, F). 
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